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Abstractly] 

The concept of weak Lie motion (weak Lie symmetry) is introduced 
through C^C^Qab = 0, {C^C^f = 0). Apphcations are given which exhibit 
a reduction of the usual symmetry, e.g., in the case of the the rotation group. 
In this context, a particular generalization of Lie algebras is found ("ex- 
tended Lie algebras") which turns out to be an involutive distribution or a 
simple example for a tangent Lie algebroid. Riemannian and Lorentz metrics 
can be introduced on such an algebroid through an extended Cartan-Killing 
form. Transformation groups from non-relativistic mechanics and quantum 
mechanics lead to such tangent Lie algebroids and to Lorentz geometries 
constructed on them (1-dimensional gravitational fields). 



-'^A summary of this article has been presented at the "90th Encounter between Mathe- 
maticians and Theoretical Physicists" at the Institut de Recherche Mathematique Avancee 
(University of Strasbourg and CNRS), September 20-22, 2012. 
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1 Introduction 



In 1872 Felix Klein formulated his Erlangen program as such: "A manifold 
is given and with it a group of transformations. [..] Develop the theory of 
invariants with regard to this group" ([Ij, p. 28). According to him, Sophus 
Lie accepted this program and spread it among his studentsll 

In the first part of what follows, in the spirit of Klein, several new concepts 
will be introduced and investigated: weak (Lie) motions (cf. section H]) and 
groups of extended motions (cf. section [8]). The latter concept is related to a 
suggested widening of the physicists' concept of a Lie algebra to particular 
tangent Lie algebroids {extended Lie algebras). Some of the corresponding 
finite transformations forming groups are presented: they are no longer Lie 
groups. I will also propose an extension of the Cartan-Killing form which up 
to now seemingly has not been studied. Its definition allows the introduction 
of Riemannian and Lorentz metrics on the sections of a subbundle of the 
tangent bundle. The mathematical literature for algebroids and groupoids 
(eg., [S]), has lead to a few formal applications to Lagrangian mechanics [H], 
[7] , [8] . The particular tangent Lie algebroids presented here are an example 
for such structures much closer to physics than the examples usually given 
by mathematicians. 



2 Lie-dragging 
2.1 Preliminaries 

In metric geometry, the concept of symmetry may be expressed by an isom- 
etry of the metrical tensor Qab of such a space. This means that this tensor 
field remains unchanged along the flow of a vector field X. An expression 
for this demand may be formulated by help of the Lie derivative defined for 
tangent vector fields X := ^"gfs-, Y '■= V"''^ by: 

CxY=[X,Y], (1) 

where [. , .] denotes the Lie-bracket [A, B] = AB — BA. If ([T]) is expressed 
by the components rj"- of the tangent vectors X, Y , then 

^^r}^ = V^C - vT,c , (2) 

^The history of the "Erlanger Programm" is much more comphcated, though, cf. [2], 
[3] . For the importance of Kleins ideas for physics cf . [4] . 
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where rj"' ^ = If CxY = 0, the vector field X is called a symmetry of the 
vector field Yu The Leibniz rule holds for the Lie derivativej^l From ([T]) we 
have 

CzCxY=[Z,[X,Y]],, (3) 
and with help of the Jacobi identity: 

CzCxY + CyCzX + CxCyZ = [Z, [X, Y]] + [Y, [Z, X]] + [X, [Y,Z]] = 0. (4) 

From (jl]): 

CzCxY - CxCzY = [[X, Z],Y] = L^x,z\Y = Cc^zY . (5) 



For a Lie group, a special subspace of the tangent space is formed by the 
infinitesimal generators := ^(")gfs-, j, ^ = 1, 2, of a Lie-algebra 

[X(,),X(,)] = c,/X(,) , (6) 
with structure constant^ Cj^'. From ([6]) we obtain: 

Cx.Cx^Xk = Cj^Cii'^Xm (7) 

such that according to (jll): 

Cjfe % + c^^c^i^ + c^iCji"^ = 0. (8) 
A symmetric bilinear form, the Cartan-Killing form, may be introduced: 

•^Such symmetries play an important role for the integration of differential equation, cf. 

[ini. 

^Latin indices from the beginning (a, 6, c, ..) and end of the alphabet (r, s,i, ..) run 
from 1 to n or to n-1 where n is the dimension of the space considered. Indices from 
the middle («, j, k, I, ..) may take other values. The summation convention is used except 
when indicated otherwise. 

^In current mathematical literature, the definitition of a Lie algebra is much more 
general. It is defined either as a module B{M) of the set of all C°°-vector fields on a C°°- 
manifold with a multiplication introduced via the Lie-bracket, or as a finite-dimensional 
vector space V over the real or complex numbers with a bilinear multiplication on it 
defined by an anti-commuting bracket [ , ] satisfying the Jacobi identity 
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If it is nondegenerate, i.e., for semisimple Lie groups, aij can be used as a 
metric in group space. 

In section [71 we will permit that the structure constants become directly 
dependent on the components of the vector fields Xi{x): they will become 
structure functions^ 



2.2 Lie-dragging (with examples) 

Under "Lie-dragging" with regard to an arbitrary vector field X = ^"^^ 
we understand the operation of the Lie derivative on any geometric object 
without the simultaneous requirement that the result be zero0 Applied to 
the metric Qab, this means 

^i9ab = lab , (10) 

where lab is a symmetric tensor of any rank between and n (in n-dimensional 
space). In the sequel we will be interested in the case lab 7^ ^dab- 

For a tensor field. Lie-dragging neither conserves the rank of the field, 
nor, if it is excerted on a symmetric bilinear form, its signature. The quest 
for the conditions that Lie-dragging leads to a specific rank or specific sig- 
nature of a tensor field could be among the first mathematical investigations 
into the concept (with rank of lab being set aside). Also, the vector fields 
X might be classified according to whether Lie-dragging with them leads to 
a prescribed rank for given metric Qab- In any case, not every arbitrary '-fab 
can be reached by Lie-dragging (cf. Appendix 1). 
Equation (fTOj) can be read in different ways: 

A) Given a single vector field (a set of vector fields) and an arbitrary metric 
gab', the set of all possible bilinear forms lab is to be determined by a straight- 
forward calculation. This is an intermediate step for the determination of 

^The structure constants in ([5]) are brought into the definitions of a Lie algebra presented 
in the previous footnote by the choice of a basis {Yi, I2, •■, ^^n} of V. The multiplicative 
action is determined for all vectors X,Y oi V only if all brackets [X, Y] are known. Ac- 
cording to one author: "We 'know' them by writing them as linear combinations of the 
Yi. The coefhcients Cy' in the relations [i^i,^;] — c^J'Xi are called structure constants" 
([9]) PP- Ij 5). This recipee no longer works for vector fields which cannot be generated 
by linear combinations with constant coefficients from a basis. Cf. section [T] 

^This use of the name "Lie-dragging" is different from the one in [12]. By ((T|), the 
Lie-dragging of a vector field is expressed. 
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weak Lie motions of gab- 

B) Given a single vector field (a set of vector fields) and a fixed target tensor 
7ab; the metrics gab which are Lie-dragged into it are to be determined. This 
requires solving a system of Ist-order PDEs. 

C) Given both a start metric gab and a target metric 'jab- The task is to 
determine the vector fields X dragging the one into the otherj^ 

For a first example for Lie-dragging in space-time leading to tensors of 
lower rank, we look at the Kasner metric: 

ds^ = {dxy - {xy^^idx^f - {xy^^idxy - {xy^^{dxy , (n) 

an exact solution of Einstein's vacuum field equations if pi + p2 + Pa = 1 = 
{ViY + {P2Y + (Ps)^ ,Pi,P2,P3 constants. Lie-dragging with 

X = 

leads to a bilinear form of rank 3, i.e., after a coordiante change, to the space 
sections: 

ds' = -{yy^^dyy - {yy^Kdyy - {yy^^dyy. 

Unlike this. Lie-dragging of f|TT]) with 

X = fixy^.i, 

leads to a tensor of rank 2: = 2^^^;^ gi(^a\y 

In the second example, a Lie-dragged metric of rank 1 is prescribed. Let 

^^9ab = XaXb , (12) 

with the vector field X tangent to a null geodesic: 

{VbXa)X'' = ,gabX^X'' = . (13) 

From the definition of C^gab given in f|T6|) and f|T3|) . {X^^s),aX'^ = follows: 
X'^^s must be constant along the geodesic. f lT3|) leads to a restriction on ^ 
for given null geodesic, or for X" if the vector field ^ is given. X" generates 
a super- weak motion (cf . section HJ . 

The coUineations presented in section|3]are also examples for Lie-dragging. 

*^If wc ask for both, CxQab = lab and Cxlab — gab, then we are back to weak homothetic 
mappings for both g and 7. Cf. next section. 
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3 Motions and Collineations 



On a manifold witli different iable metric structure, a motion is defined by 
the vanishing of the Lie-derivative of the metric with regard to the tangent 
vector field X = 

CxgiY, Z)=0 = Xg{Y, Z) + g{Z, CxY) + g{Y, CxZ) 

= Xg{Y, Z) + g{Z, [X, ¥]) + g{Y, [X, Z]), (14) 

where X, y, Z are tangent vector fields. In local coordinates, (IMI) reads as: 

lah = ^i9ab = = gab,c T + 9cb T.a + 9ac C,b > (15) 

with gab = gba- The vector field ^ is named a Killing vector, its components 
generate an infinitesimal symmetry transformation^ — )■ = + C- fflSl) 
may be expressed in a different formic 

£5^7„fe = 2V(,e6) = 0. (16) 

a 

In (fT6l) . V is the covariant derivative with respect to the metric gab (Levi 
Civita connection), and ^a = Qabi^- From ( fTSl) we can conclude that C^^ds = 
for all fix", i.e., all distances remain invariant. A consequence of (ITSll is that 
the motions ^ form a Lie group and the corresponding infinitesimal genera- 
tors := efi)gf^ a Lie algebra ([6]) (cf. |22]). 

As an example for a group of motions in 3-dimensional Euclidean space, 
we start from a Lie group G3 acting on V3 with finite transformations: 

X =x-|-ci,x =x+ C2X , X = X + C3 . (17) 

The corresponding Lie algebra is ([13j, p. 213): 

[Xi, X2] = 0, [Xi, X3] = 0, [X2, X3] = Xi . (18) 

^For mechanical systems in phase space, this infinitesimal symmetry transformation is 
applied to the generalized coordinates and supplemented by an infinitesimal transforma- 
tion for the momenta: Pa ^ Pa' = Pa + i]a with an additional infinitesimal generator rja ■ 
Cf. The authors use the name "weak-Lie" symmetry for what we would name Lie 

symmetry. 

^^Symmetrization brackets are used: A/^^Bs) — ^{A^Bs + AgBr); A^^Bg] — ^{Aj.Bs — 

AsBr). 
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Lie-dragging with the vector fields = 82, ^2 — ^3^ ^3 — + ^^^2 gives: 



All 7^^ can have full rank. The demand 7^^ = 0, i = 1,2, 3, makes this G3 
a group of motions whence follows: 



V Pi Pi P2/ 

where Pi = a^^2 '^13 1 Pi = '^22^2;"'^ + a 23"* ^"^^ P2 = ct22''(^^)^ + 2ct23''^"^ + '^33^ 



with C(3^ ,a[J,a2p ,{p = 1,2,3) constants. We will see in section [3751 how 
the metric looks if the group is demanded to be a complete set of weak (Lie) 
motions. 

Further types of symmetries are defined by the vanishing of the Lie deriva- 
tive applied to other geometric objects like connection ("affine collineations" 
£5 r^f, '^{g) = 0, cf. [Hj), curvature tensor ("curvature collineations" £5 R'^dabid) = 
0, cf. [15]), Ricci tensor ("Ricci" or "contracted curvature collineations" 

R^abcid) ~ 0' P^J)- Another generalization is the concept of conformal 
Killing vector, defined by: 



A subcase are homothetic motions with A = Aq = const. Conformal Killing 
vectors are included in what follows. Thus, f[T^ and fl2U]) are particular sub- 
cases of Lie-dragging: they constitute a fixed point in the map of symmetric 
differentiable tensor fields gab of full rank defined by Lie-dragging. 




(19) 




A^'afc = A(a; , .■x'^)gab 



(20) 



4 Weak Lie motions 




symmetries) 



In the 80s, a concept of "p-invariance" has been introduced [T7] : 



£5 £5 5'ab — , 



(21) 



7 



with p Lie derivatives, p > 1, acting on the metric. At the time, for p = 2 an 
apphcation has been given in Einstein-Maxwell theory [12]. In the following 
we will concentrate on this case p = 2. 

Definition 1: 

An infinitesimal point transformation x — )■ x + ^ satisfying 

C^C^gah = 0, Ci:gab ^ 0, (22) 

generates a "weak Lie motion". 

A coordinate-free formulation of (1221) is: 

CwCzg{X, Y) = [W, Z]g{X, Y) - g{[W, [Z, X]],Y) - g{X, [Y, [W, Z]]). 

If applied to other geometric objects, we call (122!) "weak symmetry" 0We 
also use the expression weak isometry. 
(!22|) can be read in two ways: 

- The metric Qab is given; determine the generator ^ of a weak Lie motion; 

- A vector field or a Lie algebra is given; determine the metric gab which 
allows these fields as weak Lie motions. 

As has been pointed out in \\J\ , a disadvantage of the new concept is that 
C^C^g""^ = does not follow from C^C^gab = for C^gab 7^ 0. In fact: 

C^C^g'^' = -g'^'g^'C^C^gst + 2g^'g'Pg-'^iC^g,,)iC^g,,) . (23) 

Consequently, in general C^C^g"''' = and C^C^gab = define slightly differ- 
ent invariance concepts. If both conditions are imposed, C^gab = ^{x)kakb 
with the null vector ka {g^^krkg = 0), and arbitrary scalar function $ follows. 
In this case, we call the weak motion generated by X = ^"^fs: a super weak 
motion. It entails the existence of a null vector ka with C^k'' = -k''C^{ln<^)^ 
In Euclidean space C^gab = results. For p > 2 the situation would become 
still more complicated. 



^-'^In the set of solutions of ((22|). the isometries (motions) must also occur. We speak of 
genuine weak Lie motions when motions are to be excluded. 

^^In general relativity, T"^ = ^{x)kakf, describes a null-fluid. What is called here super- 
weak motion, would have be named co symmetric- 2- invariance in ([17j. p. 138). 
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4.1 First examples and generalizations 
4.1.1 Weak symmetries 

That a weak symmetry can be really weaker than a symmetry is seen already 
when the Lie derivative is applied twice to a function f{x^, ...x^): 

CxCxf = C^CJ = XX f = . (24) 

In n-dimensional Euclidean space R"', for a translation in the direction of the 
k-axis with = 5^^,^, we obtain from flM|) / = x''fi{x^, .., x^~^, x^^^, .., ..x") + 
/2((x^, .., x'^"-^, x'^^-^, .., ..x") in place of / = f{{x^,..,x^~^,x^^^,..,..x^) for 

= 0. For the full translation group of i?", (12^ leads to a polynomial of 
degree n in the variables {x^,..,x'^) with constant coefficients and linear in 
each variable Thus, forn = 3, / = Ci23a;^x^x^+S^^^;^.^^^ 0^5X^0;*' + 

Sg^j^c^x* + Co as compared to / = /o for the translation group as a group of 
motions!^ 

For a rotation R\. = — k fixed), a function satisfying C^C^f = 

is given by / = ai{x^, ..,x^~^,x''~^^, ..x''~^,x''~^^, ..x"") x arctan^ 
+ a2{x^, ■■,x^~^,x^'^^, ..x''~^,x^~^^, ..x"-), with C^f = —ai 7^ for this ro- 
tation. For the full rotation group SO (3) in 3-dimensional space, / = 
/(v/(a;i)2 + (x2)2 + (a;3)2 ) follows: no genuine weak motion is possible in 
this case. These examples show that the set of weak-Lie invariant functions 
can be larger. 

A generalization of a subgroup of the abelian translation group in an 
n-dimensional euclidean space is given by: 

1' 1 I /^l/ fe+1 n\ k' fe I ^fe/ fe+1 n\ (fc+1)' fe+1 n' 

tXJ iXi I \J \ iXi ^ * * 7 *^ / 7 * * 7 *-*^ lA. I V„ ' I Jj ^ * * 7 y 5 i.t-' tAj ^ * * 7 

(25) 

with arbitrary functions G^,G^,..,G^. Weak Lie symmetry under this 
group for the function f{x^, ..,x") leads to the same result as for the trans- 
lation group, although ( 125|) no longer is a Lie group 

A link between weak Lie symmetry of scalars and weak Lie motions can 
be found in conformally flat metrics: gab = /(x^,x^, ..,x"')r]ab due to 

^ii^^gab = iC(.C^f)r]ab + 2C^f Ci-rjah + C^C^r]ab (26) 

""^•^Note that this rcsuh foUows only if definition 3 for a complete set of weak symmetries 
is applied, cf. next sextion. 
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In the special case of (12U]) follows: 

C^C^gab = (A^ + \sC)gab , C^C^g"' = (A^ - XsOq"' ■ (27) 

Hence, in this case nothing new is obtained by letting the Lie-derivative act 
twice. The concept of conformal Killing vector could also be weakend to 
weak conformal Killing vector by the demand: 

^(^^gab = K^')9ab , ll^iQab 7^ K^^)9ab ■ (28) 

4.1.2 Weak collineations 

For weak Lie affine collineations, we find: 

c^c^v,, \g) = rV(j£^r,)/(^?)] + [£^r,, ^(^?)] v.r 

+[c^r,, ^{g)]v,C - [^r^. '{9)]^sC ■ (29) 

Insertion of £g T^^ %g) = VaVb^' + R\^^{g)i'^ into ([29]) leads to: 

c^c^T^, \g) = rv(„v,)V.r + r[V(ai?^|,,|,)]e' + i'R'\ds\ib^a)e 

+VaV.rv6r - VaVfef v.r . (so) 

In Minkowski space, the condition is obtained: 

edad^ds C + d,dsC daC + dadsC dbC - dadbC d,C = . (31) 

to be satisfied by the generators of the weak Lie affine collineation. A par- 
ticular solution is given by ^'^ = f3'^f{arsX^x'^) with constants ars,/3'^ and 
P^asa = and arbitrary C'^-function /. 

If spaces with a Riemannian (Lorentzian) metric are considered, the fol- 
lowing expression for weak affine collineations obtains: 

(32) 

where jab was defined in ffTOj) . The concept of weak Lie curvature collineations 
could also be introduced: C^C^R^^^bid) = 0- This concept leads to 4th-order 
PDEs. 
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4.2 Complete sets of weak Lie motions 

If gab allows the maximal group of motions with ("^^) parameters, no gen- 
uine weak Lie motions do exist. If gab allows a r-parameter group of mo- 
tions, then C'V) 

— r genuine weak Lie motions may exist. The case of a Lie 
group with ("'^^) — 1 parameters acting as an isometry group cannot occur 
in n-dimensional space (Fubini 1903). Hence, in space-time which allows a 
10-parameter group as maximal group, no 9-parameter Lie group exists. For 
4-dimensional Lorentz-space (with signature ±2), 8-parameter Lie groups are 
likewise excluded as isometry groups (Jegorov 1955) ([13], p. 134)0 Thus, 
besides the maximal group, the largest group of motions in space-time is a 
7-parameter group0 In this case, the largest group of weak Lie motions 
would then be a 3-parameter Lie group. 

According to ([5]), a consequence for weak motions is0 

~ ^i^J^i^^)9ab = C(^c^^i:^)gab = C^k^^gab = CjiC^^gab- (33) 

(!33|) provides a hint about how a group of weak Lie symmetries is to be defined 
when a set of vector fields, ^, rj, (, .. has been found satifying (!22|) . For genuine 
weak motions, not all of the following equations can be satisfied: Cr,C^gab = 

0, C^Cr^gab = 0, CrjCt^gab = 0, C^Crigab = 0, Ct^C^gab = 0, C^C(^gab = 0, .... If 

the r vectors ^(fc), k = 1,2, ..,r are the infinitesimal generators of a Lie, group, 
the above demand in general leads into an impasse: instead of its intended 
role as a weak Lie-invariance group, it reduces to an isometry group. This is 
due to ([5]) or fl33|) . An exception holds if some of the vector fields commute. 
Consequently, the following definition may be introduced: 

Definition 2 (strong complete set): 
A Lie algebra presents a strong complete set of weak Lie symmetries if at least 
one of the corresponding Lie algebra elements does not generate a motion 
{C^^^^gab 7^ for one (j), at least) and the following C^"*"^) ,m > 1 conditions 
hold: 

^"^This does not hold for Finsler geometry by which an 8-parameter Lie groups is ad- 
mitted. Cf. m, [20], [21] 

^^Petrov's claim that for 4-dimensional Lorentz spaces 7-parameter Lie groups are ex- 
cluded, is not correct, cf. [TH], P- 134), [3T], p. 122). 

^^If an extended Lie algebra is used, on the r.h.s. of the term '^c^-'^ ^^g^-^cik ™ust 
be added. 
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for (i) = (j) and (i) < (j), (i), (j) = 1,2, ..,m or, for (i) = (j) and (i) > 
(j), (2),(j) = l,2,..,m. 

The remaining C^^.^C^^^^gab 7^ for (z) > (j) [(i) < (j)] are then determined 
through (|5]). In general, we will demand that none of the vector fields 
generate motions. 

A less demanding definition would be: 

Definition 3 (complete set): 
A Lie algebra leads to a complete set of weak Lie-symmetries if each of its in- 
finitesimal operators Xj = ^(j" ^fs- generates a weak Lie motion: C^^.^C^^.^gab = 
0, C^^^^gab 7^ for every 2 = 1,2, m. 

In section I5.3[ examples will be given showing that the alternative def- 
initions 2 and 3 for complete sets of weak Lie symmetries lead to different 
results. In general, we will prefer definition 2. 

As will be seen in the next section, a consequence is that if g(X, Y) 
allows the maximal group of motions, weak Lie motions for g{X, Y) do not 
exist or reduce to conformal motions. As an example: in 2-dimensional 
Euclidean space with a 3-parameter maximal group (two translations and 
one rotation), no genuine weak (Lie) motion exists. The other extremal case 
is the non-existence of genuine weak Lie motions, e.g., for the rotation group 
together with definition 2. The Kasner metric fill I) which allows three space 
translations as isometries, is a candidate for not leading to genuine weak Lie 
motions. 

5 Weak Lie invar iance 

We now want to determine the metrics allowing a time translation and the 
rotation group as weak Lie motions. The group is chosen such that, as an 
isometry group, it describes static, spherically symmetric (s.s.s.) metrics. 
Thus we have to allow for four vector fields ^(i),i = 1,2,3,4 forming a Lie 
algebra with a 2-parameter abelian subalgebra and then drag twice the ar- 
bitrary metric gab- At first, definition 3 is applied and the target metric 'jab 
calculated. 
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5.1 Weakly static metrics. 

To begin, we demand that only the time translation T — Xi with components 
^fi) ~ '^o generates a weak motion: CxiJ^XiQab — 0. The resulting class of 
metrics is: 

Qab = x^Cab{x^, x^) + dab{x^, x^) , (35) 

with arbitrary symmetric tensors Cab, dab- The class remains invariant with re- 
gard to linear transformations in time a{x^, x^, x^)x^+fi{x^ ,x^ , x^); a, (3 
arbitrary functions. 

5.2 Weak spherical symmetry 

Now, the three generators of spatial rotations SO (3) in a representation using 
polar coordinates x^ = r,x^ = 9,x^ = (p are added. Its corresponding 
generators are: 

^^2) — — —sinx^S2 — cosx^ctgx^ <^3)C(4) = 003x^62 — sinx^ctg x'^5^ . 

(36) 

Lie-dragging with the time translation and with ^(2) forming the abelian 

1 2 

subgroup leads to j^b = 9ab,o ,1ab — 9ab,3, and to the weakly Lie invariant 
metric (i.e., with Cx^Cx^gab = 0, Lx^^Lx^gab = 0) 

gab = X^X-^Cab{x^, X^) + X^dab{x\x^) + X^eab{x^, x"^) + fab{x^, x"^) (37) 

with four arbitrary bilinear forms Cab, dab, ^ab, fab- 

Lie-dragging with ,^(3) and ,^(4) applied to any of these bilinear forms results 
in the following equations (using fab for the presentation): 

3 • cosx 

lab = -Sinx^fab,2 " 2cOSX^ f2{aSl) + 2sinX'^CtgX^ f3(^aSl) + 2^^^^/3(a^6) ,(38) 

lab = C0SX^fab,2 " 2smxV2(a^6) " 2cOSX^Ctgx'^ f^^a^l^ + 2— ^/3(a'5fe) • (39) 
2 3 4 

The demand = 7^^ = 7^^ = 0, i.e., that spherical symmetry hold, leads 
to Cab — ^ab — ^ ^ud to the well-known result for fab, dab- 

fab = a{x')5X - f3{x')6l5l - t{x')\6l6l + sin'x'^p^ (40) 
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with two free functions a(x^),e(x^)0 

If definition 3 for complete sets of weak symmetry is applied up: two 
further PDE's must then be satisfied. If all generators of the rotation group 
are taken into account, then the result is 

lab = X°dab{x\ X^) + fab{x\x^) (4l) 

with two bilinear forms dab, fab having the same form: 

fab = aix')6X - Pix')6l6l - [x\,ix') + e,ix')][5l6l + stn'x'd'jf] . (42) 

For the proof, we do not reproduce here the lengthy full expressions for 
£^j3j£^j3j/afc = and C^^^^C^^^^ fab = 0, but give only the equations for the 
components /22, fss- 

cos^x'^ f 



sin X . fs 



A(.)/22 = -COS^X^f22,2,2 + 2" ^[-/22 + ^] = . (44) 

The consequences /22,2,2 = and /ss = sin^x'^f 22 are obvious. That (H2|) is 
a genuine solution is shown by 722 = '^^^(35/22 = —sinx^ ^i{x^) 7^ and by 
733 = A(3)/33 = -sinx'^sin^x^ ei(x^) 7^ if ei(a;^) ^ 0. 

The surface x^ = const, x° = const has Gaussian curvature: 

^ = Of 2^ ^2 i-^ictgx^ + 2ei^' + 2e2 + ] . (45) 

2(61x^ + 62)"' €1x^ + 62 

ei, €2 are now constants. For ei — t- we obtain the constant curvature of the 
2-sphere. 

The time translation and the 3 generators of the rotation group form a com- 
plete set of weak Lie motions; this shows that definition 3 is not empty. 

However, if it is asked that the rotation group generate a strong set of 
weak symmetries according to definition 2, then the result is very restrictive. 
The conditions -^§(2) A(3) /a^* = = C^^^^C^^^^fab for equations (|37j) . ( H2l) are 



^^One of the functions a{x^), f3{x^) is superfluous because, locally, a 2-dimensional space 
is conformally flat, /oi — /23 — follows from the rotation group acting on a 2-diniensional 
subspace. In addition, here /02 — /o3 — /12 — /13 = has been used. 
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leading to the remaining metric tensor of (jUJ If C^^^^^C^^^^'j^.s = is stud- 
ied for fab, then C^^^^C^^^^fab 7^ due to the only nonvanishing expression 
^?(3)^?(4)/33 ~ sinx^cosx^ X ei(a;^) for ei(x^) 7^ 0. Thus the demand that the 
rotation group in 3 dimensions generates a strong set of weak Lie symme- 
tries according to definition 2 enforces ei{x^) = and reduces to an isometry. 
Nevertheless, the resulting spherically symmetric metric is only weakly static. 



5.3 The group G3 acting as a group of weak Lie motions 

In taking up the example of a G3 acting on V3 from section [2] with Lie algebra 
f|T8|) . we first apply definition 3 to a scalar f {x^ , , x^) . If the generators are 
to lead to motions, then the only solution is f = constant. Definition 3 for 



a complete set of weak Lie motions leads toi 

/ = aox^x^ + box^{x^ - x^x^) + CqX^x^ + hix^ + Cix^ + dix^ + , (46) 

while definition 2 results in: 

f = Cq{x^x^ + x^) + cix^ + dix^ + do . (47) 

We note, that the only one of the 9 possible demands so far unused, i.e., 
^i(s)^i(i)9ab = reduces to 



/ = Cix^ + dix^ + do . 



(48) 



Applying G3 to the metric, the following weakly Lie-invariant metric is ob- 
tained: 



X 



/(O) (0) \ 

'ail a 12 -r 1 \ 

(0) (0) 

a 21 a 22 Pi 

\Pi P[ P2J 



+ x^ 



lah = 

m (0) \ 

I an a 12 r'i\ 

(0) (0) 

a 21 a 22 Pi 

\Pi Pi P2J 



/(O) 

f 


(0) 

P12 






(0) 


(0) 




] + 




P22 


P'l 


\Pi 


P'l 


P2J 





Qi Qi Q2 
Qi Qi Q2 
yQ2 Q'2 Qs^ 



where Pi, Pi,Qi,Qi,Qi are polynomials in the coordinate x^ of order i, the 
coefficients of which are not all independent: 



^The calculations are sketched in appendix 2. 
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Q2 = I i2{x^) + misx^ + A; Q2 = I 22{x^) + "^233; + k 23, 

(0) (0) (0) (0) (0) (0) 

= / 22(a;^)^ + m23(a;^)^+ A;33X^+m33 and a^fe, (a, 6= 1,2), qj, / ij, 



and k ij constants. In the polynomials Pi,P'i,P2, the constants aab,Cab are 
exchanged by the set of independent constants f3ab, dab- Thus definition 2 is 
not empty. Two independent matrices of the type that occured for the group 
acting as an isometry group and a third, new matrix occur now. 
Definition 3 leads to a different complete set of weak Lie motions for which 
the metric takes the form: gab = dab{x^)x'^ + eab{x^)x^ + eab{x^) with d,e,e 
expressed by matrices of the form: 



where Pik are polynomials of 1st degree, Qi of 2nd degree, and M a polyno- 
mial of 3rd degree. 

6 A new algebra structure 

For Lie-dragging, up to now we have mostly taken vector fields forming Lie 
algebras corresponding to Lie groups of point transformations. In the fol- 
lowing, after an introductory section, we consider more general types both 
of groups and algebras in sections [7] and [HI 

6.1 Lie-dragging for vector fields not forming Lie alge- 
bras 

Already in (1251) of section I4.1.H vector fields containing free functions were 
considered. We now continue with vector fields Xi = C-^i ^2 = V'^^ with 
= /(x°)(5[, 7]' = h{x^)S^o such that 



(0) 




) 



[Xi,X2] = /(x' 



)H{x^)X2 - h{x^)F{x°)Xi . 



(49) 



16 



Here, F{x^) = '^^^"'J^o ; H{x^) = ^(^!!^Li)_ xhe finite transformations be- 
longing to Xi and X2, respectively, are generalized time- and space-translations 

^ x°' = x° + h{x^y, x^' =x^ + (50) 

leaving invariant the time interval I ^"^^ space interval \x]j^-^ I 

between two events and ■ Each of the transformations 

x° = x° + /i(a;^); x^ -> x^' = + a, (51) 

and 

^x^' =x^ + /(x°); =x° + 6 (52) 

forms a group: = x*^' + k{x^') = x*^ + /i(x"'^) + A;(x^ + a), X"*^" = X"*^ + A + a, 
and x^ = X""^ -|- 5'(x° ) = x^ + /(x*^) + g{x^ + 6), x*^ = x° + -B + 6. However, 
these groups are not Lie groups: in part, the Lie-group parameters have 
been replaced by arbitrary functions. In this case, the algebra (H9|l reduces 
to either 

[X^,X2] = H{x^)X2 . (53) 

or to 

[Xi,X2] = -F(x°)Xi . (54) 

Likewise, ( H9l) . ( 153|) . and ( l54l) are not Lie algebras. 

Both transformations ( l50l) applied together: x*^ = x° + A;(x^ ) = x*^ + 
/i(x^) + fc(x^ + /(x°)), x^" = x^' + g{x^') = x^ + /(x°) + 5((x° + /i(x^)) do not 
even form a group. 

The class of functions involved may be narrowed considerably by the de- 
mand that the function / of a special type be kept fixed, e.g., be a polynomial 
of degree p, or /(x°) = asinx^ + hcosx^ . In these cases, just one function with 
constant coefficients occurs in the group; the group transformations change 
only the coefficients. fl52|) is a subgroup of the so-called Mach-P oincare group 
^4(3) [23], (121], pp. 85-101): 

x'^' = A^x"- + /'^(x°), x°' = x° + 6, A'^.A^f, = 51 (55) 

This group plays a role in Galilean relative mechanics. 

A generalization is the group 6*1(6) of transformations leaving invariant 
the observables describing a rigid body] 6 free functions of x° and one Lie- 
group parameter do appear: 

x"' = v4*^.(x°)x^' + f (x°), x°' = x° + 6, .(xO)A\(x°) = 5^, (i, j = 1, 2, 3). 

(56) 
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The corresponding seven algebra generators are: 

d d 
T = — , Xi = fii^^)-g— iT-ot summed), 

(57) 

with = UJj{x^). The corresponding algebra is given by: 
[T,T] = 0, [T,X,] = F, = ^ln{fi{x')), [X,,X,] = 0, = 1,2,3) 

[T,n] = 6.3^(0;°)^, [T,y2] = u;?(x°)F2, [T,y3] = u;2'(x°)F3, u;] = ^^^(^.(^O)^^ 

^2 ^3 (X'3 



= ll^cl X3, [X2,F.] = 0, [X,,Y,] = ^^ul Xi, 

There exist further groups of this non-Lie type occuring in classical me- 
chanics like Weyl's kinematical group 6^3(6) and the covariance group of the 
Hamilton- Jacobi equation Gi{3) or, as a subgroup in non-relativistic quan- 
tum mechanics, the covariance group of the Schrodinger equation 6*12(0), cf. 

The structure functions of all these groups depend on a single coordi- 
nate, the time. 



7 Extended Lie Algebras 

In the following, we will deal with a subbundle of the tangent bundle of n- 
dimensional Euclidean or Lorentz space. We will permit that the structure 
constants in the defining relations for a Lie algebra become dependent on 
the components of the vector fields Xi[x): they will become structure 
functions. 
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Definition 4- 
The algebra 

[Xi,X,] = c,^{x\x\...,r)Xk (59) 
with structure functions Cjj^(x^,x^, ...,x^) is called an extended Lie algebra. 

The Lie algebra elements form an "involutive distribution". This is "a 
smooth distribution V on a smooth manifold M, i.e., a smooth vector subbun- 
dle of the tangent bundle" TM. The Lie brackets constitute the composition 
law; the injection V TM functions as the anchor map (cf. [25], p. 13). 
This is a simple example for a tangent Lie algebroid (cf. also ([5], p. 100 
and example 2.7, p. 1O5))0 Nevertheless, the involutive distribution used 
here can also be considered a subset of the infinite-dimensional "Lie-algebra" 
13{M) of footnote 5. 

After completion of the paper, I learned of some of the historical back- 
ground of (!59l) : It already has occured as the condition for closure of a 
complete set of linear, homogeneous operators belonging to a complete sys- 
tem of 1st order PDE's in Jacobi's famous paper of 1862 ([21], §26, p. 40)0 

([7]) must then be replaced by 

Cx,Cx,X, = {c^lc,, ™ + X,c^. -)X„ , (60) 

and dH]) by 

s-fc'c,, ^ + c,/c,r + c^c^r + ^.s-r + ^fcc,^'" + ^,c^r = o. (ei) 

An extended Cartan- Killing form can be defined acting as a symmetric met- 
ric on the sections of the subtangent bundle. An asymmetric form could be 
defined as well. 

Definition 5 (Generalized Cartan-Killing form): 
The generalized Cartan-Killing bilinear form r is defined by: 

Tij := aij + 2X^iCj)^ = "^CjJ + 2X^iCj)^ . (62) 

^^Closely related, but different structures are family of Lie algebras [26) . [2 7) and variable 
Lie algebras ([28j. p. 115). 

^"in Jacobi's paper, ([59]) is used in phase space such that the structure functions depend 
on both coordinates and momenta: Cj|^(a;^,x^, ...,x^ ,pi,p2, --Pr)- It is in Clebsch's paper 
of 1866 ([30 , §1) in connection with his definition of a complete system of linear PDE's 
that the r.h.s. of (|59l) depends only on the coordinates. Cf. also equation (3.1) in [5], p. 
311. 
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The generalized Cartan-Killing form now depends on the base points of 
the fibres in the tangent bundle. They may be interpreted as a metric. 

To use the example of the group Gi(6) given in section lO] The structure 
functions for the corresponding extended algebra ( 158|) of rigid body transfor- 
mations are shown in appendix 4. From them, calculation of the extended 
Cartan-Killing form leads to a Lorentz metric with signature (1,3) of rank 4 
within a degenerated 7-dimensional bilinear form: 
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^0 

















T-66/ 



(63) 



where Too = ^Lif +^+^+^, and r44 = -A{uj\f, rgs = -4(^^3)2, rge = 
—4:{uj^2Y- By projection into the 4-dimensional space with coordinates 0, 4, 5, 6 
and signature (1,3), we surprisingly arrive at the general class of one-dimensional 
gravitational fields [31]. For special values for the /j, and wf, the Kasner 
metric (ITT]) can be derived by this approach. All the pre-relativistic groups 
mentioned at the end of the previous section lead to Cartan-Killing forms 
depending on just one coordinate, the time. 

The following definition introduces a new class of extended motions and 
a new class of weak extended motions, the infinitesimal generators of which 
form an extended Lie algebra. 

Definition 6 (extended motions): 
Let X— J-xH-^, y y + 7] he infinitesimal transformations forming a con- 
tinuous group the corresponding algebra of which is an extended Lie algebra 
according to definition 4. Then, the vector fields X = i'^-^, Y = ri^-£^ with 
(^xQab = 0, Cygab = are called extended motions. 

An analogous formulation is: 
Definition 7 (extended weak motions): 

Let X— + y y + 7] he infinitesimal transformations forming a con- 
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tinuous group the corresponding algebra of which is an extended Lie algebra 
according to definition 4. Then, the vector fields X = Y = V^'^ with 

C-xCxQab = 0, CyC-Ydab = are called extended weak motions. 



8 Extended motions and extended weak (Lie) 
motions 

In section (16.11) . we have given examples of non-Lie groups leading to ex- 
tended Lie algebras. How will the corresponding extended motions and ex- 
tended weak (Lie) motions differ? These concepts are exemplified here with 
the most simple non-Lie group flS2]) . The tangent vectors X, Y with the al- 
gebra (15^ form an extended motion {Cxdat = 0, CyQab = 0) for all metrics 
of maximal rank 3: 



9ab 



ao2(a;^x^) 
2 x^] 



\ao3{x 










ao2{x'^,x^) 


a22(a;2,a;^) 
a23(a;^x^) 



X' 





a23(a;^a;^) 
a33{x^,x^)J 



(64) 



with arbitrary functions Oab due to arbitrariness of f{x^)- This is to be 
compared with the motions derived from X = -£^,Y = forming an 
abelian Lie algebra and leading to 



(jab O^abi^X , X ) . 

The corresponding extended weak (Lie) motions {Cx^xQab 
0) are given by: 



9ab 



fx^aoo + /3oo 
/3oi 

x^ao2 + /3o2 
\x'^aQ3 + /3o3 



/3i2 /3i3 

/3l2 X^a22 + /322 X^a23 + (^23 



(65) 

0, CyCygab 

(66) 



/3l3 X^a23 + (323 X^a33 + (333j 



where aab = aab{x'^,x^); (5ab = Pabix"^ , x^) , aoa = 0,Pu = 0. Comparison 
with the weak (Lie) motions generated by the translations given above shows 
the class of metrics: 



9ab 



X^aabix"^, X^) + Pab{x'^, X^) 



(67) 
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9 Two-dimensional extended Lie algebras 

In section [6?T] we have given the example ( H9|) showing that (159|) is not empty. 
As for Lie algebras, the question about a classification of extended Lie alge- 
bras in n-dimensional space arises. This being a topic of its own, we start 
here by considering the case n = 2 only, without proving completeness of the 
result. 

We begin with@ 

[Xi,X2] =Ci/Xi + 012^X2 (68) 

with Xi = i^^+i^-^) X2 = V^'£^+v'^'£;^- This is a system of two equations 
for the 6 unknowns ^\ rj^ and C12, i = 1,2: 

"l^l I f-2„l „2/-l 1 ^ I r^l2 , t2 2 „l/-2 2t2 i ^ 



(69)' 

We distinguish two cases according to whether the vector fields are unaligned 
or aligned. In the first case, for 7^ 0, r/^ 7^ : 

(70) 

Here, the simplification S,'^ = rj^ = Q does not restrict generality. In the solu- 
tion, two free functions ^^irf remain; they are contained in the expressions 
for the structure functions: 

ci/ = -^e^,2 , c,2^ = ^r^^, . (71) 

The further simplification = yf leads to: 

[Xi,X2] = -^\2^i+e',iX2 (72) 

with arbitrary = ^^(x^,x^). Calculation of the extended Cartan-Killing 
form (l62l) results in: 



e,ie,2 + ee,,,2 ie,2)' + ee,2,2 



The coordinates x ,x of section lOl are replaced by x ,x 
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or simply 

n^ = \m%,. (73) 

In general det^Tik) 7^ 0. 

In order to find ( 15^ in this formalism, we must start from ( l52l) and set 
= f{x^),rp = 1 such that = —F{x^), c^^ = 0. As the only depen- 
dence is on x^, the Cartan-Killing form degenerates (does not have full rank). 
This also happens for the algebra (!58|) . 

For 2-dimensional Lorentz space, one of the generators can be lightlike. 
We use only the simplification = and rj^ = ±77^ such that in this case 
the relation: 

follows. Again, we can set = 77^ and come back to (172]) . 

The two different Lie algebras allowed in 2-dimensional space can be 
obtained from fl72l) by special choice of By redefinition of the algebra 
elements in the sense of 

Xi ^ Fi = f{x\x^)Xi+g{x\x^)X2 , X2 -> Y2 = m{x\x^)Xi+p{x\x^)X2 

(75) 

with arbitrary functions /, g, m,p, from fl55]) it may be possible to come back 
to the canonical form for the non-abelian Lie algebra. However, this is an 
open question^ 

In the second case of aligned tangent vectors we can set = = 77^. 
From (IMj) we retain as the only structure function: 

ci/ = ev\i - ■ (76) 

The Cartan-Killing form then is: 

^ _( _^,(^y^_^i^i^) \ 

(77) 

^^It depends on whether solutions of certain nonhnear 1st order PDEs exist. 
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In general, there is a wealth of possibilities available for setting up ex- 
tended Lie algebras. A particular choice for the structure functions would 
bS 

In Euclidean space Qrs = Srs, in Lorentz space Qrs = Vrs are most simple 
choices. It is not difficult to calculate the extended Cartan-Killing form which 
depends only on the inner products ^^i-j^.f^j-jOrs, (i), (j) = 1,2, ,...,m; r,s = 
1,2, ...,n (0,l,2,...,n-l). 



10 Discussion and conclusion 

When Lie-dragging is seen as a mapping in the space of metrics, it may be 
asked whether it could provide a method for generating solutions of Einsteins 
equations from known solutions. It is easily shown that the Schwarzschild 
vacuum solution, the Robert son- Walker metric with flat 3-spaces, and the 
Kasner metric cannot be obtained by Lie-dragging of Minkowski space. On 
the other hand, the metric ( 1371) which is weakly Lie-invariant with respect 
to the group (T, SO (3)) trivially contains cosmological solutions of Einsteins 
equation. If the metric dab{x^ , x"^) with spherically symmetry and with flat 
space sections is chosen, by a transformation of the time coordinate we arrive 
at the line element 

ds^ = {drf - 2/3r3/2[(dr)2 + r^dOf + r\sin'e{d(Pf] . (79) 

It describes a cosmic substrate with the equation of state p = — where 
describes pressure and fi the energy density of the material. This equation of 
state for w = — | is non-phantom because of —1 < w but does not accelerate 
the expansion of the universe which occurs for — 1 < w < — 1. 
It remains to be seen whether the anisotropic line element 

ds^ = [drf - CQT^/^'lciOr + C2][{drY + r\def + r^sinH{d<pf] (80) 
^^In ([78|) . the summation convention is used for unbracketed indices. 
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can satisfy Einstein's equations with a reasonable matter distribution. In 
view of the fact that Lie-dragging does not preserve the rank of the met- 
ric, its efficiency for generating interpretable gravitational fields is reduced 
considerably. 

Surprisingly, by studying the rigid body transformations Gi(6) as a group 
of extended motions, we arrived at the complete class of one-dimensional 
gravitational fields including the Kasner metric. More generally, a close 
relation to finite tranformation groups in classical, non-relativistic mechanics 
containing arbitrary functions has been established. It is still to be cleared 
up whether a connection to gauge theory in physics exists. 

A classification of solutions of Einstein's equations with regard to weak 
(Lie) symmetries could be made. Although this might be a further help for 
deciding whether two solutions are transformable into each other or not, the 
calculational effort looks extensive. 

Weak Lie-invariance as a weakened concept of "symmetry" has been in- 
troduced and its consequences presented through a number of examples. It 
also has led to the introduction of a new type of algebra ( "extended Lie al- 
gebra") which is an example for a tangent Lie algebroid. In each fibre of a 
subbundle of the tangent bundle, the "extended Lie algebra" reduces to a Lie 
algebra. By help of an extended Cartan-Killing form, Riemann or Lorentz 
metrics have been constructed on such an algebroid. A particular example 
is provided by the non-Lie groups of classical mechanics mentioned above. 
The ensuing possible geometries could be studied and classified in the spirit 
of Felix Klein. A classification of non-Lie groups leading to extended Lie 
algebras and of the extended Lie algebras could also be of interest. A further 
study of the concept of extended Lie algebras is needed and might be of some 
relevance. 

Whether there are noteworthy applications in geometry and physics be- 
yond those established here for classical mechanics and the Schrodinger equa- 
tion will have to be found out. 
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12 Appendix 

12.1 Appendix 1 (Integrability conditions) 

That an arbitrary symmetrical tensor field of fixed rank cannot be reached by 
the operation of Lie-dragging may be seen already from (fT5l) . ( !T3|) . or from 
the following equations obtained from (fT6|) : 

Valcb] ■ (81) 

Here, R^caid) is the curvature tensor of the metric gab- For gab, 'Jab fixed, the 
equations (IHT]) would be an integrability condition for the n components 
of the vector field ^. Eq. ( 18T|) generalizes part of the integrability condition 
for (fT5|) given in [22], eq. (6.2), p. 56. As an example, we take Minkowski 
space gab = Vab, a space of maximal symmetry. From ( ISTi) with = 2^(^,6) 
follows: 

dbdcU = db^(a,c) + dci{b,a) + dai{c,b) , (82) 

the general solution of which, apart from the generators of the Poincare 
group, is ^a = c^rjarX'^ + drF^'^^^rjas (cf. appendix 3). Thus, a homothetic 
motion appears as well. 

If we look at this equation as a condition for '^ab when the vector field 
^ and the metric gab are given, the equation then says that there are linear 
relations between the first derivatives of 7afe. Further differentiation of f lHTj) 
leads to: 

9 9 9 9 9 9 9 9 9 9 9 9 9 9 9 

VdVbVc ia + VaVbVrf ic + VeVfeV, id = [VdVblac + VaVb7cd + VeVfe7da] 

+lasR\cd{9) + lcsR\da{9) + IdsR'bacid) = • ( 

A counting of derivatives and equations leads to the number of restrictions 
for the obtainable 7^6 showing up explicitely as relations among the deriva- 
tives of 7„f,. 
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12.2 Appendix 2 

We find 



I^X^C.X^ — /,2,2 — 0, Cx2^^X2 — f,3,3 — 0,(84) 

Cx.Cx, = f,i,i - 2xV,2,i + (a:')'/,2,2 = 0, Cx.Cx, = Cx^Cx, = f,2,3 = 0,(85) 

Cx.Cx,, = -/,1,2 + X^f,2,2 = 0, Cx.Cx, = -/,1,2 + X^f,2,2 = 0, (86) 
Cx^Cx, = -f,l,3 + f,2 + xV,2,3 = 0, Cx.Cx, = -f,3,l + 0:^,3,2 = ,(87) 



from which the results fj46|) - fH8|) follow. 

12.3 Appendix 3 

From flS^ . by contraction with rj''^ the equation da{d'^^c) = follows, whence 
d^^c = Co = const. Contraction with 77"'^ then leads to (V)^^c = 0. The most 
general Ansatz for solving d'^$,c = cq is = ^x'^+drF^'^'''^ wither (V)^F['''^1 = 0. 
Let X" := a^Ft'-'^l; then, from §^ d^daXh + d^Xa) = 0. Whence follow the 
equation for a homothetic motion. 

12.4 Appendix 4 

If we use the notation Zi = T,Zi = Xi,[i = 1,2,3), Zj = Yj{j = 1,2,3) 
where Xi correspond to time-dependent translations, Yj to time- dependent 
rotations, the structure functions are given by: 



= {infi){i = 1, 2, 3), Co/ = {In uj\),Cq^^ = {In uj\),Cqq^ = {In u\) 



A 



0(z,j = l 



2,3, A = 0,..,6), 




c 



A 
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J2 2 A n ^ A n r\ 1 J2 i 

—r^ 3> = (A = 0, .., 6), = —u 2, 

J3 Jl 

c-J = ^u;\, C3/ = (A = 0, .., 6) . 

J2 Jl 
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